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Abstract 
We study the influence of spin exchange interaction of impurity scattering on 
critical temperature of anisotropic impure superconductors. The model of random 
nonmagnetic and magnetic impurity  are revised to cover the  effect of  spin exchange 
interaction . The sign of magnitude of the second-order Born scattering have been 
changed after consideration the  spin exchange interaction effect  that also effect to 
form of Tc equation. We can get the general Tc equation that can be described  
anisotropic impure superconductors well and cover all model done before.  
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1.Introduction 
 The results of  impurities that introduced into the superconductors are 
found in a change of the superconducting critical temperature . They modify the 
quasi-particle spectrum, interaction parameters and induce pair breaking in 
superconducting state. The non-magnetic impurities have little effect on critical 
temperature in s-wave superconductors [1] but they exhibit a strong pair breaking 
effect in the high temperature superconductors [2] . Shi and Li[3] study the influence 
of nonmagnetic impurities on critical temperature of the layered superconductors by 
using an superconducting-normal layer model with d-wave pairing in the 
superconducting layer. Haran and Nagi [4-7] proposed a theory of  nonmagnetic and 
magnetic impurities  in an anisotropic superconductors including the effect of 
anisotropic (momentum-dependent) impurities scattering. They consider an 
anisotropic superconductor with  randomly distributing impurities, treating the 
electron-impurity scattering within second Born approximation, and neglecting the 
impurity-impurity interaction.  Although Haran and Nagi consider the effect of 
anisotropic  (momentum-dependent) impurities scattering, they  do not consider the 
effect of spin exchange interaction of impurities on Tc equation . They get two kinds 
of Tc equation. Firstly they find Tc equation [5-7] that similar to Openov[8-9] and 
secondly they find Tc equation with having the extra term[4]. 
 Openov[8,9] study the effect of impurities, both magnetic and nonmagnetic, 
on the critical  temperature of anisotropy superconductors  as function of potential and 
spin-flip scattering rate. But his equation do not include  the effect of momentum-
dependent of scattering potential and spin exchange interaction. Recently, Haran [10] 
also revise the model of anisotropic impurity superconductor by giving the condition 
of non-negative magnitude of the second-order Born scattering potential. 
 The previous work of Haran and Nagi [4-7]  and Opeov[8-9] have been 
described the effect of nonmagnetic and magnetic scattering on anisotropic 
superconductor but all of them show theirs  Tc equations that having extra term in [4] 
and difference in some term . The physics behind this effect is not clear . In this work, 
we revise these works by considering  the effect of  spin exchange interaction of 
impurity scattering on Tc equation that we think that it is the physics behind .Our 
model contain both non-negative and negative  magnitude of the second-order Born 
scattering potential that do not been considered before.After our calculation, we can 
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get the only one  Tc equation  that can  describe all of the Tc equation of  [4-9], 
especially we can describe the extra term of [4]. 
 
2.Model and Calculation 
 Within  the framework of BCS model, the Hamiltonian of a superconductor 
containing both nonmagnetic and magnetic impurities  is as follows 
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Where the operator )( σσ kk aa
+  creates(annihilates) an electron with the wave vector k  
and the spin projection on z-axis =↑σ  or ↓ , μξε −= kk  is the (spin independent) 
quasiparticle energy measured from the chemical potential μ , ),;,( σσ ′′kku  is the 
matrix element for electron scattering by randomly distributed impurities(defects) 
from the state ),( σ ′′k  to the state ),( σk , and ),( kkV ′  is the BCS pair potential. 
)()(),( 0 kekeVkkV ′−=′   where 0V  is the pairing energy and )(ke  is a real basis 
function. 
For the formal procedure of Tc calculation, we define the normal and  
anomalous temperature Green’s function as  
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The matrix Green function in the  Nambu representation is 
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We can get the normal and anomalous temperature Green’s function averaged 
over the impurity position and spin directions  as 
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where )(~ kω  is the renormalized Matsubara frequency  and )(~ kΔ  is the renormalized 
order parameter . 
 
 4 
 Although the isotropic impurity scattering can describe the impurity effect on 
superconductivity well, the weak anisotropic impurity scattering occur when  the 
Fermi surface average of the order parameter is non zero . We can go beyond the 
isotropic scattering cases by treating a small perturbation of the isotropic scattering as 
[4-7].  The anisotropy  impurity scattering can be found in case of  extended magnetic 
moment impurity ( magnetic impurity scattering) and the anisotropy of the crystal 
lattice(nonmagnetic impurity scattering). 
The momentum-dependent impurity potential can be simplify into model as 
σvv ⋅′+′=′ SkkJkkvkku ),(),(),(     (4) 
where   ),( kk ′ν  is the spin-independent potential component and σvv ⋅′ SkkJ ),(  is the 
spin exchange interaction. S
v
 is the spin of magnetic impurity and σr  is the electron 
spin density. We assumed a separable form of scattering probabilities. 
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where )(),( 1010 JJvv  are isotropic (anisotropic) scattering amplitudes for non-
magnetic and magnetic potential. )(),( kgkf  are the momentum-dependent anisotropy 
function in the nonmagnetic and magnetic scattering channel .The averaged over the 
Fermi surface of )(kf  and )(kg  vanish , 0)()( >=>=<< kgkf  , and are normalized 
as 1)(2 >=< kf and 1)(2 >=< kg . 
To consider the effect of  impurity  on anisotropic superconductor ,we set the 
equation [8,9] 
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Finally we can get the )(~ kω  and )(~ kΔ  [11,12] as 
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Here  )12( += nTπω ,T is temperature ,n  is integer number. in  is impurity 
concentration. 
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The “± ” sign in Eq.(8)   play an important rule in this model. They depend on 
the spin exchange interaction of magnetic impurity scattering that effect to the sign of 
magnitude of the second-order Born scattering .The effect of magnetic impurities 
scattering contribution from both spin-flip and spin-conserving scattering of electrons 
due to their exchange interaction with magnetic impurities. 
  The”+” and “-“  sign mean that we consider the effect of non-negative and 
negative magnitude of the second-order Born scattering, respectively.  After 
consideration the spin exchange interaction term Eq.(4), we find that  “+”sign can be 
occurred in case of spin-conserving scattering that σvv ⋅′ SkkJ ),(  is equal to 
zSkkJSkkJ ),(),( ′≡⋅′ σvv     and spin-flip scattering as xSikkJ ))(,( σγ−′  or 
ySkkJ ),( ′ . And the “-” sign[8-9] can be found in case spin-conserving scattering that 
σvv ⋅′ SkkJ ),(  is equal to zSkkJSkkJ σγσ ),(),( ′≡⋅′ v
v
 and spin-flip scattering as 
xSkkJ ),( ′  or ySikkJ σγ),( ′  . Where 1+=σγ  and 1−  for =↑σ  and ↓  respectively, 
and zyx SSS ,,  are the Pauli  matrices of spin of magnetic impurity. The “± ” sign in 
Eq.(8)  show the orientation of electron spin through  σγ  contributed from  spin-
conserving exchange scattering of electrons due to their exchange interaction with 
magnetic impurities. 
Taking a separable pair potential )()(),( 0 kekeVkkV ′−=′  ,that 0V  is the  
pairing energy and )(kΔ  is the orbital part of the singlet superconducting  order 
parameter . We defined as )()( kek Δ=Δ  where )(ke  is a real basis function and 
12 >=< e , where >< ..  denotes the average value over the Fermi surface 
that ∫ ∫∫ →
FS
kk dkndSN
kd ξπ )()2( 03
3
  and (..))(.. ∫=><
FS
k kndS . Here )(kn is the 
angle-resolved Fermi surface density of state. 0N  is the overall density of state at 
Fermi surface.  
  We can get the critical temperature as 
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Here 2000 vNniπ=Γ  , 2101 vNniπ=Γ , )1(2000 += SSJNnG iπ , )1(2101 += SSJNnG iπ  are 
scattering rate of isotropic non-magnetic, anisotropic non-magnetic,  isotropic 
magnetic, and anisotropic magnetic channel ,respectively. 0G  and 1G depend on the 
magnitude of spin exchange interaction . 
The Eq.(9) is the critical temperature equation of anisotropic impure 
superconductors that include  the effect of random magnetic and non-magnetic 
impurities, and the spin exchange interaction . 
 
3. Discussion 
  In our model,  we can get the  Tc equation that can describe all  case  
done before[4-7,9,10]. The effect of  spin exchange interaction are  to change the sign 
of magnitude of the second-order Born scattering shown by Eq.(8). And they effect to 
the critical temperature equation  by  changing  sign from plus to minus of Eq.(9). The 
occurring of  “± ” sign in Eq.(9) (in 21 ,SS  and 3S )  depend on the sign “± ”of Eq.(8). 
In case of “-“ sign ,we can get the result of Haran and Nagi[4]  especially 
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eS π+Ψ−Ψ>=<  that they think  it is the additional term. Within our 
model, we can clarify that this additional term  come from the spin exchange 
interaction. In case of “+” sign, we can get the results of Haran and Nagi[5-7], and 
Openov[8,9]. The term 3S   equal to zero in this case. The new term of 1S  and 2S  
have been found by  our calculation . 
For above discussion we can conclude that the spin exchange interaction can 
change the form of Tc  equation and the final Tc equation can describe the critical 
temperature of anisotropic impure superconductors well. In this work we will not 
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shown the  numerical calculation because they are the special case of our 
consideration that have been done before by the others . 
 
4.Conclusion 
 We have revised  the model of nonmagnetic and magnetic impurity of Haran 
and Nagi[4-7]  and Opeov [8,9] that consider the problem of nonmagnetic and 
magnetic impurities in an anisotropic impure superconductor for the case of 
anisotropic(momentum-dependent) impurity scattering in weak-coupling 
approximation.   The  effect of  spin exchange interaction of impurity scattering on Tc 
equation are included in our model. The  spin exchange interaction effect  to the sign 
of magnitude of the second-order Born scattering that also effect to Tc equation. 
After our calculation, we can get the general Tc  equation that can  describe every 
model done before well .  
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